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Aprille J. Ericsson-Jackson,* Peter M. Bainum,1" and Guangqian Xing*
Howard University, Washington, D.C. 20059

The dynamics and control for the specific application of a large orbiting flexible thin square plate are considered.
The focus is on the utilization of a singular value decomposition (SVD) method to create a stable reduced-order
system. By reviewing the system's singular value bounds in the frequency domain one can properly assess stability
robustness parameters that are difficult to characterize effectively in a time-domain setting. This system's open-
loop singular values were extremely close to zero, denoting singular system matrices. To alleviate this problem
with matrix singularity, the SVD method was applied to transform the original systems. The reduction of actua-
tors/sensors is done partially in the physical sense and partially in the mathematical space. Results show that when
the SVD method transformation is applied stable controllable closed-loop system matrices can be designed.

Introduction

L ARGE space structures are typically highly flexible and usually
are represented by systems of ordinary differential equations

with many degrees of freedom. Because the structure may have a
large number of significant elastic modes, its mathematical model
has a high order. However, to reduce the on-line control computa-
tion time it is necessary to design a controller/estimator based on a
reduced-order system model.

The present paper considers the dynamics and control for the spe-
cific application of a large, orbiting, flexible, thin square plate. This
work will focus on the utilization of a singular value decomposition
(SVD) method to create a stable reduced-order system.

By reviewing the system's open-loop singular value bounds (the
bounds are the difference between the minimum and maximum sin-
gular value) in the frequency domain, one can properly assess stabil-
ity robustness parameters that are difficult to characterize effectively
in a time-domain setting. Through the comparison of the singular
values of the system transfer function, one arrives at suitable ranges
for stability robustness. Singular value plots are utilized for analysis
of the various systems throughout this research. It was noted that
the system's open-loop singular values were extremely close to zero,
denoting a lack of linear independence in some of the system matri-
ces. To alleviate this problem with singularity, the SVD method was
applied to transform the original systems to a linearly independent
controller/observer system. Results show when the SVD method is
applied, a transformation occurs to system matrices, which helps to
diminish the approach of the system toward singularity.

Methodology
The plate's dynamic equations of motion are developed by ap-

plying a Eulerian-Newtonian approach named Santini's1 formula-
tion. These equations are linearized and placed in a state-space ma-
trix format.2 An application of finite element method algorithms,
NASTRAN,3 provides the system flexible modes and modal pat-
terns for modeling of the system.

Attitude and shape control are achieved by placing point thrusters
on the surface of the plate.4 It is assumed that for measuring the atti-
tude and displacement of the deformed plate that two Earth horizon
sensors, two sun sensors and between 6 and 12 displacement sensors
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are to be employed. The displacement sensors are assumed to be col-
located with the point thrusters located on the major surface of the
plate; these collocated actuator and sensor positions are verified for
controllability and observability. The concepts of degree of control-
lability/observability are applied to the actuator/sensor placement
problem.5'6

The theory of multi-input/multi-output is applied to the system
transfer function matrix in the Z domain for the analysis and design
of robust control of multivariable discrete-time feedback systems in
the frequency domain.7 Application of the linear quadratic regulator
and linear quadratic Gaussian (LQG) theory with Kalman filtering
provides the control law feedback and estimator/filter gains, respec-
tively. These gain matrices are utilized for studying the robustness
recovery properties of the integrated LQG/loop transfer recovery de-
signed control system.8 The SVD9 method is applied in the robust
eigenstructure assignment providing a measurement of the system
singularity and stability performance margins. Simultaneously, non-
linear and sequential linear programming algorithms are applied for
the optimization of the system controller design. Specifically, imple-
mentation of the MATLAB routines enable analysis of the system
robustness in the discrete-time and frequency domains.10

Assumptions
This paper assumes the platform structure is a thin plate; this

allows for the application of the first-order plate-bending theory,
which ensures that internal strains are within the linear range. The
structure is modeled as a large, thin square flexible orbiting plate
traveling at a constant angular rate around the Earth. For many
space applications it is required that the major surface of the plate
be pointed toward the Earth; therefore, this orientation was selected.
The structure is made of composite graphite/epoxy. Because, nor-
mally, only a few elastic modes contribute significantly to the vibra-
tional motion of the structure, initially, the first six elastic modes are
considered in the system model; then the number of state variables
are reduced to contain only the first three elastic modes. The system
is transformed to the discrete-time domain.

Several possible arrangements for actuator/sensor placement are
considered in this investigation (Fig. 1). Each arrangement em-
ploys between 6 and 12 actuators/sensors placed along the outer
edge of the platform (unprimed) and within the boundary of the
platform (primed). A majority of the actuators/sensors are assumed
to exert/detect forces normal to the major surface; they help con-
trol/monitor the shape deformation and also provide/sense the torque
about the two major axes in the plane of the plate. The other actu-
ators/sensors (5 and 6 and 11 and 12) are placed along the edge of
the plate; they provide control and monitoring for the torque about
the third axis, normal to the major surface.

The maximum order of the open-loop state vector is selected
to be 18. The state includes three rigid rotational modes plus six
flexible transverse modes. (Yu11 has shown that coupling between
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Table 1 Systems analyzed

System

1
2
3
4
5
6

Description of
states

3 rigid 4- 6 modes
3 rigid 4- 6 modes
3 rigid + 3 modes
3 rigid + 3 modes
3 rigid 4- 2 modes
3 rigid 4- 6 modes

Actuator/sensor
placement

Outer
Inner
Outer
Inner
Outer

Inner/outer

Order of
state

n
18
18
12
12
10
18

Number of sensors
(full/reduced)

m

16/8
16/8
10/6
10/6
10/5
16/9

Number of actuators
(full/reduced)

r

12/8
12/8
6/6
6/6
10/5
12/9

translational and rigid rotational motions is very small. If the trans-
lational modes are needed they can be obtained through a transfor-
mation from the flexible modes.) With this background six different
systems are analyzed in this paper, as described in Table 1. Systems
3 and 4 represent a reduction in the number of states in the model,
as well as a reduction in the number of actuators and sensors.

State-Space Formulation
The general state-space equation is defined as2

[X] = (1)

where the state vector [X] is
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Fig. 1 Sensor/actuator locations, sets full and reduced; primed num-
bers refer to inner set of actuators and unprimed numbers refer to outer
set of actuators.

It is assumed that, for measuring the attitude and displacement
of the deformed plate, two Earth horizon sensors, two sun sensors,
and y displacement sensors are to be employed. The Earth sensors
measure 9e2 and 0e3, the angles between the zenith vector i(} (j() is
along negative coc vector and k() is along velocity vector) and the
body axes j and k, respectively. The sun sensors measure 0,2 and
0,3, the angles between the direction vector of the sun s/, and j and £,
respectively. The observational geometrical relationships are

and

cos 9e2 = a2\ = —(j)

cos 0^3 = a3i = 0

COS 0,2 = 021 ft) 'Sj)+ 022(70 'Sl)+ 023 (*0

COS0.v3 = 031 (l'o • Sj) + 032(7() • ) +033(*o '

(*() ' £7)

(9a)

(9b)

(lOa)

(lOb)

The y displacement sensors are to be used to measure the plate's
transverse (normal to the major surface) displacement parallel to the
x axis, i.e.,

.pi, t) • ib = / ;
j

( ID
cos 0^ = 7 • io (5a) where Ufa, ft; t) is the displacement of the plate at the position

0 r ? r < - f x point f a , ft) and C/ is the coefficient relating the displacement to
cos ve3-K- io po; the output voltage (assume cf = \).
cos 0v2 = j . sj (6a) The state-space observation equation for this system is

cos 0,3 = k - si (6b) {F} - [C]{X] (12)

From the definition of matrix multiplication and the dot product of where (F) is the outPut vector

a vector
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After application of the small angle approximation for 0 <£C 1,
sin0 ^ 0, and cos 0 « 1, to the transformation matrix (from the
body frame to the orbit frame), 7j>o becomes

The various dot product terms in [C] become

1 d> — 0
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—
011 «12 013
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(8)
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sin 5,
(15)
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lQ 'S

JO'S

k ( ) - S -C8gCcts(CQS(o) + t

f ) C i ) + C8gSas(SQC(o) 4- /) + CQS(co 4- f ) C i ) + S8gSiS(a> 4- /)
(C8sCasSQSi) + C8gSasCQSi - (S8gCi)

f ) C i ) 4- C8gSag(-SQS(a) 4- /) H- CftC(<w + /)Ci) + S8gSiC(co 4-

(16)

From the STS-57 mission, the necessary Keplerian values for pop-
ulating the observation matrix are orbital inclination i = 28.4595°,
right ascension of the node Q = 251.4830°, argument of the perigee
CD = 96.9871°, and mean anomaly / = 263.7718°. The mission
flight date was June 30, 1993; from Ref. 12 the angles obtained for
the sun position vector are listed as follows: apparent declination
of the sun 8S = 23° 11' and right ascension of the sun av = 98°13/

(example assumes constant mean anomaly). With the substitution
of these angular values, the dot products become

IQ - s
JO'S

"-0.82177"
-0.54057
-0.17117

(17)

Application of SVD Transformation
Through the comparison of the singular values of the system trans-

fer function one arrives at suitable ranges for stability robustness.
Throughout this research, singular value plots are utilized for the
analysis of the various systems. It was noted that the system singular
values were close to zero. To alleviate this problem with singularity,
the SVD method was applied to transform the original systems. The
number of removed controller/observer components corresponds to
the number of controller/observer matrix singular values close to
zero. (The reduction of actuators/sensors is done partially in the
physical sense and partially in the mathematical space.)

Initially, simulations were run for systems 1-4 to obtain transient
time responses for different values of measurement noise parameter
jit and the weighting parameter p. The measurement noise covari-
ance matrix R is E{(^r(k))(^r(k}}T} = /z2 x [/] = R. The
control penalty matrix R is R = p2 x [/]. Then, once reasonable re-
sponses were acquired through dynamic simulation, an attempt was
made to obtain the singular value frequency plots. Unfortunately,
the system's open-loop singular values were extremely close to zero,
denoting a lack of linear independence in some (if not all) of the
system's matrices. A review of the definition of a singular matrix
follows9'13: 1) some rows are linearly dependent, 2) the inverse of
the matrix may not exist, 3) its determinant is equal to zero, and
4) zero is a possible eigenvalue of the matrix. Because all of these
properties existed, here a singular value decomposition transforma-
tion method was applied to remove some of the linear dependent
rows. The steps are as follows:

x = Ax + Bu, (18)

(19)

where

= rc
~ L

is the diagonalized matrix containing the singular values of C. Now
C becomes

where m is the number of zero singular values

y = UZVTx =» UTy = XVTx

Define

x = VTx, y = UTy
Given x and y, one can always recover x and y from

x = Vx, y = Uy

Therefore, the state and output equations become

x = Ax + VTBu, y = Cx

(20)

(21)

(22)

(23)

(24)

where

Next let

where

A = VTAV,

(25)

_ p(r-.v)x(r-,v) 0 ]

~|o o,x,J
is the diagonalized matrix containing the singular values of B and
where s is the number of zero singular values. Note

u = VTu

VTBu = (VTU)t(VTu) = Btu = Bu

where

B = VTU, B = B±,

The state and output equations become

Jc = Ax + Bu, y = Cx

Note the corresponding penalty matrices are

(26)

= BBT = VTUttTUTV, R = p1!

(27)

(28)
<2 = CTC =» Q = R =

After the system is transformed, the eigenvalues for the system
were recalculated. It was found that these values were exactly the
same for the untransformed and transformed systems. Examples
of the maximum and minimum singular value plots for the transfer
matrices of the original and the SVD transformed systems are shown
in Figs. 2-5.

101'

10°

Open-loop Frequency Response for System 2

•vr 10- 10° 10'
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Fig. 2 Open-loop singular value for system 2.
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Open-loop Frequency Response for System 2SVD , Open-loop Frequency Response for System 6SVD
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10 10 10"
Frequency, rad/sec

Fig. 3 Open-loop singular value for system 2 SVD.
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Fig. 5 Open-loop singular value for system 6 SVD.

m5

10°

ID'5

'«=>sp
u
n
o

•<s"

?„-|10
o>

"MO'25

10-30

10'*

10
41

^-^

A

-~ •-.— -.

^•s.s: \.~

4

*r ' I4"1M

!

*"••/•/

1

-1

VI. VJ

A

Vv

--^

rt

\ : : : i

...•..:..-..-.:.

«*&.
4

±-
f\

\

. ,.'......

tt *A\
J)

A

A<n

I..

\1

: : . . .

....».„.%•..

. . . . .

.-I...:-:-.:.;.

•••:••'.••:••:•!•

4t

Frequency, rad/sec
Fig. 4 Open-loop singular value for system 6.

These figures represent the open-loop transfer function singular
value bounds plots before and after an SVD transformation is ap-
plied to the system.13 Note that the closer the singular value is to
zero, the closer the system is to singularity. When comparing the
singular value bounds for the untransformed and transformed sys-
tems, one notices a difference in the minimum singular values. The
(transformed) singular value bounds are reduced and the minimum
singular values are increased; therefore, an improvement has been
made by reducing the number of linearly dependent rows in the
original system matrices.

Discussion of Results
The increase in the minimum singular value from the original

system to the SVD transformed system for systems 1, 2, and 6 is
much larger than for systems 3-5. This dramatic difference corre-
sponds to systems 1, 2, and 6 being full order, thus, reflecting the
possibility of more redundant variables than the reduced order of
systems 3-5. After the use of the SVD transformation, the mini-
mum singular value for system 1 increases from 10~40 to 10~16, and
systems 2 and 6 increase from 10~4() to 10~8. The differences in the
change in the minimum singular values for the three systems (1, 2,
and 6) are because system 1 utilizes an all outer actuator placement,
system 2 demonstrates an all inner actuator placement, and system 6
incorporates a combined inner and outer actuator placement. From
the results, it appears that system 2 and 6 have less tendency to-
ward singularity problems than system 1. Noting that both of these
systems, 2 and 6, involve inner actuator placement, it is possible that
the use of inner placement creates a less redundant system. When
comparing the reduced-order systems 3-5, one immediately notices
that the minimum singular value for systems 3 and 4 increases from
10~22 to 10~2() and system 5 with a minimum singular value of 10~8

does not appear to change after the SVD transformation. These sys-
tems do not exhibit much change because these systems are already
reduced systems, and so there is less chance of redundancy in the
variables. In the case of system 5, this system is already so low or-
dered (three rigid-body modes and two generic modes) that there is
an even smaller chance of redundancy.

After the system is transformed, the eigenvalues for the sys-
tem, as well as the degree of controllability and observability, for
the system were recalculated. These characteristic system values
were the same for the untransformed and transformed systems. The
LQG transient time responses for these same systems are displayed
as verification of their improved performance. There is a signif-
icant change in the systems' performance when the bound is re-
duced. Of course, the change is not as drastic in the smaller re-
duction of singular value bounds, i.e., 10~4()-10~18, but in the case
of the larger reduction in singular value bounds, i.e, 10~4()-10~8,
is more noticeable. Examples are provided in Figs. 6-11. Initial
conditions assume the rigid-body modes experience a 1% deflection,
i.e., Jto (1, 3, 5) = 0.01, all other state variables are initially equal to
zero.
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Vawo(—). Rollg( ——) &. Ritchq;(—.). Mu—1e-«-O-4. Rho—O.OOO1

O 2OO 6OO 8OO 1 0OO 1 2OO 1 -4OO 1 6OO 1 BOO 2OOO

O.01

O

O 2OO -400 600 800 10OO 1 2OO 1-4OO 16OO 1 SOO 2OOO

~ X 1 0~3

200 -4OO 6OO 800 1000 1200 14-00 1600 1 SOO 200O
System 1 — Time (seconds)

Fig. 6 Yaw, roll, and pitch for system 1; p = 1 x 10~4, and p, = 1 X 104.

Modes 1O(— ). 2Q( —— ) & 3Q(— .). Mu— 1 e-*-OO-4. Rho— O.OOO1

1

0.5

O 2OO 4-OO 6OO 8OO 10OO 12OO 1 -4OO 16OO 1 SOO 2OOO

O 200 -400 600 800 10OO 1200 1-400 1600 18OO 2OOO

O 20O -4OO 600 8OO 1 0OO 1 2OO 1 -4OO 1 6OO 1 8OO 2OOO
System 1 — "Time (seconds)

Fig. 7 Modes 1-3 for system 1; p = 1 X 10~4, and p, = 1 X 104.

Mod os 4g(— ), Sg( —— ) & 6g(— .). Mu— 1 e-t-OO-4. Rho— O.OOO1

O 2OO -4OO 6OO SOO 10OO 1 2OO 1-4OO 1 6OO 1 SOO 2OOO

O 2OO -4OO 6OO SOO 1 OOO 1 2OO 1-4OO 1 6OO 1 SOO 2OOO

O 2OO 4OO 6OO SOO 10OO 1 2OO 1-4OO 1 6OO 1 SOO 2OOO
System 1 — Time (seconds)

Fig. 8 Modes 4-6 for system 1; p = 1 X 10~4, and p, = 1 X 104.
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O 2OO -4OO 6OO SOO 1 OOO 1 2OO 1-4OO 1 6OO 1 SOO 2OOO

200 -400 600 800 10OO 12OO 1-4OO 16OO 1 SOO

Fig. 9 Yaw, roll, and pitch for system 2; p = 1 x 10~4, and n = 1 x 104.
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Modes 1 g(—). 2g(——> & 3g(—.). Mu=*1 e-t-O-4, Rho=O.OOO1
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2OO -*OO 6OO 8OO 1 OOO 12OO 1-4OO 16OO 18OO 2OOO
System 2 — Time (seconds)

Fig. 10 Modes 1-3 for system 2; p=lx 10~4, and /z = 1 x 104.

Modes 4Q(—). Sg(——) & 6g(—.). Mu=1 e-+-O-*. Rho=O.OOO1

200 -400 600 800 1 OOO 1 2OO 1 -*OO 1 GOO 1 8OO 2OOO

HSflflWwcx**

2OO -4OO 6OO BOO 1 OOO 1 2OO 1 <*OO 1 6OO 1 8OO 2OOO

2OO -4OO 6OO 8OO 1 OOO 1 2OO 1 --*OO 1 6OO 1 8OO 2OOO
System 2 — Time (seconds)

Fig. 11 Modes 4-6 for system 2; p = 1 x 10~4, and p, - 1 x 104.

Conclusions
Singular value plots are utilized for analysis of the various sys-

tems throughout this research. It was noted that the singular values
of the open-loop system transfer function were extremely close to
zero. These singularities in the system represent redundancies in the
system modeling, in this case, caused by the symmetrical arrange-
ments of the actuators/sensors with respect to the nodal (repetitive)
patterns of the homogeneous square plate. To alleviate the prob-
lem with singularities, the SVD method was applied to transform
the original systems to a nonredundant controller/observer system.
When comparing the singular value bounds for the untransformed
and transformed systems, one notices a difference in the minimum
singular values. The (transformed) singular value bounds are re-
duced and the minimum singular values are increased; therefore, an
improvement has been made by reducing the number of redundant
actuators and sensors in the system.

The increase in the minimum singular value from the original
system to the SVD transformed system is much larger for the full-
ordered state space systems than for the reduced-ordered state-space
systems. This dramatic difference reflects the presence of more re-
dundant variables in the full-ordered state-space system than in the
reduced ordered state-space systems. From the results, it appears
that systems utilizing the interior placement of the actuators/sensors
result in fewer singularities than the systems based on outer (exte-
rior) arrangement of actuators/sensors. This suggests the possibil-
ity that the use of inner placement results in a more uniform con-
troller/observer system with less redundancies in actuator/sensor
modeling. Overall the use of the SVD transform method produces
a vast improvement in the bounds of the singular value.
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